STAT 5526: Lec 9
Intro to Neural Network

Xin (Shayne) Xing
Virginia Tech



Today’s Outlines

1. Setup the Keras

2. Implementation



Setup keras in Google Colab

A Jupyter notebook lets you write and o
execute Python (or R) code locally in
your web browser. Jupyter notebooks = " "
make it very easy to tinker with code * ©
and execute it in bits and pieces; for
this reason they are widely used in
scientific computing.

* Enter
https://colab.research.google.com/#creat
e=true&language=rin your browser.



https://colab.research.google.com/#create=true&language=r
https://colab.research.google.com/#create=true&language=r

Limitation of Linear Classifiers

Visual Viewpoint Geometric Viewpoint
plane car bird cat deer " y
dog frog horse ship truck .. .‘ .: @

Linear classifiers learn Linear classifiers

one template per class can only draw linear

decision boundaries



Neural networks: without the brain stuff

(Before) Linear score function: f = Wx
(Now) 2-layer Neural Network ~ f = W3 max(0, Wix)

e & RZ, Wi e RE*P._ W, € RVY*H

“Neural Network™ is a very broad term; these are more accurately called
“fully-connected networks” or sometimes “multi-layer perceptrons” (MLP)



Neural networks: without the brain stuff

(Before) Linear score function: f = Wa

(Now) 2-layer Neural Network  f = W3 max (0, Wix)

X| Wi |h W2 |g

3072 100 10
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Activation function

(Before) Linear score function: f = Wx

(Now) 2-layer Neural Network  f = Walmax(0,[Wix)

* The function is called the Rectified Linear Unit (ReLU) activation
function.

V=X




Activation function

* The function is called the activation function.

* Q: What if we try to build a neural network without one?

f — “72 "‘/7‘1 4 ke ”f; — ”72”71 . RCX H. f — ” 73,'1?

* We end up with a linear classifier again!



Activation Functions

Sigmoid | Leaky ReLU )
o max(0.1z, x)

o(r) = 1= A

tanh Maxout

tanh(x) e 0 max(w{ x + by, ws x + bo)

RelLU - ELU

max (0, x) F {Z(em ) i i 8 _ )



Architectures

output layer
input layer input layer
hidden layer hidden layer 1 hidden layer 2

“3-layer Neural Net”, or
“2-layer Neural Net”, or “2-hidden-layer Neural Net”

“1-hidden-layer Neural Net” “Fully-connected” layers




-ull implementation of training a 2-layer

Neural Network needs ~20 lines:
* 1. Preparing the Data

library(keras)

mnist <- dataset_mnist()
x_train <- mnist$trainix
y_train <- mnist$traindy
x_test <- mnistftestix

y_test <- mnist$testly

dim(x_train) <- c(nrow(x_train), 784)

dim(x_test) <- c(nrow(x_test), 784)

¥_train <- x_train / 255

X_test <- x_test / 255

y_train <- to_categorical(y_train, 10)

yv_test <- to_categorical (y_test, 10)



Implementation

2. Defining the Model

model <- keras_model_sequential()

model %>%
layer_dense(units
layer_dense(units
layer_dense(units

256, activation "relu”™, input_shape = c(784)) %>%
128, activation "relu™) %Y
10, activation = "softmax')



Implementation

summary(model)

Model: "sequential”

Layer (type) Param #

dense 2 (Dense)
dense_1 (Dense)
dense (Dense)

Total params: 235,146
Trainable params: 235,146
Non-trainable params: ©




Implementation

e 3. Set the Optimizer and Train MLP

model %>% compile(
loss = "categorical_crossentropy",
optimizer = optimizer_rmsprop(),

metrics = c("accuracy")

history <- model %% fit(
X_train, y_train,
epochs = 30, batch_size = 128,
validation_split = 0.2



Implementation

plotChistory)
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Implementation

e 4. Evaluate and Predict on Test Data

model %>% evaluate(x_test, y_test,verbose = 0)

$loss
[1] 0.1149

facc
[1] 0.9807

model %>% predict_classes(x_test)

[1] 7210414959069 0159734966540740131347 2712
[40] 117 4235124463556041957893746430702917 32
[79] 97 7627847 3613693141769
[ reached getOption("max.print") -- omitted 9900 entries ]



Confusion matrix for calculating accuracy

library(caret)
expected_value <- factor(c(1,0,1,0,1,1,1,0,0,1))
predicted value <- factor(c(1,0,0,1,1,1,0,0,0,1))

example <- confusionMatrix(data=predicted_value, reference =
expected value)

Confusion Matrix and Statistics

Reference

Prediction 0 1
0 3 2
114

Accuracy : 0.7



Implementation

* Summary

Preparing the Data

Defining the Model

Set the Optimizer and Train MLP
Evaluate and Predict on Test Data

B W



Today’s Outlines

1. Biological Neurons
2. Backpropagation



Neuron

Impulses carried toward cell body

\ dendrite

\ axon

cell body— @

-

Impulses carried away
from cell body

This image by Felipe Perucho
is licensed under CC-BY 3.0

presynaptic
terminal



Biological Neuron vs. Artificial Neuron

Impulses carried toward cell body

\ dendrite
presynaptic
terminal

axon

cell bedy—

Impulses carried away
from cell body
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*@® synapse
axon from a neuron
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This image by Felipe Perucho
is licensed under CC-BY 3.0
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Biological Connectivity

Biological Neurons:

Neurons in a neural network:
Organized into regular layers for
computational efficiency

input layer

hidden layer 1 hidden layer 2



Be very careful with your brain analogies'

Biological Neurons:
e Many different types
e Dendrites can perform complex non-linear computations
e Synapses are not a single weight but a complex non-linear dynamical

system



Number of parameters

3072 100 10

h = f;(Wix + by) s = f2(Wah + b3)
W, € R3072X100 J, ¢ [R100 W, € R100X10 p ¢ R10

# of parameters: # of parameters:
3072x100+100 100x10+10




Loss Function

* A loss function tells how good our current classifier is

Given a dataset of examples
N
Ui, i) Fime

Where Z; is image and
Y; is (integer) label

Loss over the dataset is a
average of loss over examples:

ZL QL‘?_, ) y@_)



Loss function in classification

Li = —log P(Y = vi| X = zi)

P(¥ =} X'= ) = =—| Softmax

>.; €7 | Function

Sk = xT:BkiSyi — xT:Byi

cat s | 3.2 24.5 0.13 | Bad
€xp normalize dicti
car s, | 5.1 —164.0/"™"% 0.87 girfeslclalrogr;
frog 53 -1.7 0.18 0.00 oss
Unnormalized unnormalized probabilities

log-probabilities / logits probabilities

| 1.00

0.00
0.00

Correct
probs




Computing the Gradient

« We can compute the best direction along which we should
change our weight vector that is mathematically guaranteed to
be the direction of the steepest descend (at least in the limit as
the step size goes towards zero).

* This direction will be related to the gradient of the loss function.

df@) . f@+h) - (@)

1171
dr h—0 h




Computing the Gradient

1=1 Full sum expensive
| p when N is large!
VwL(W) = = > VwLi(zi, y;, W)

=1




Stochastic Gradient Decent with Mini-batch

* In large-scale applications, the training data can have on order
of millions of examples. Hence, it seems wasteful to compute

the full loss function over the entire training set in order to
perform only a single parameter update

- Y1 Vi, 1 ke
L(W) =7—% Z Li(xi,yi W)
Yk, +1 = Yk, t 1+
T mlnl_ yk2+1 "'yk3 t = 1’ et T kt
- 1 epoch 1
batch VL, (W) = z Vi Li(x;,yi, W)
...... kt - kt—l .
l—kt_1+1
Wipr = We +nVL (W)




Step Size

 Effect of step size. The gradient tells us the direction in which the
function has the steepest rate of increase, but it does not tell us how
far along this direction we should step.

« Choosing the step size (also called the learning rate) will become one
of the nkmst important hyperparameter settings in training a neural
network.

Wip1 = Wy +nVL(W,)

where VL(W) = <£ ‘- i) and p is the total number of parameters.

owy’ T owy



Backpropagation

* a simple example

flz,y,2) = (z+y)z

|

Want: o 9y B2



Graph Representation
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Top-Down Calculation 1

f -12




Top-Down Calculation 2

X -2
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y 9
Z 4
3 -

f -12




Top-Down Calculation 3

X 2
>®q’ 34
y 5 -
f 12
1
z -4
3
M
of



Top-Down Calculation 4

Chain rule:
ﬂ: of dq
Oy 0q Oy

7 \

Upstream Local
gradient gradient



Top-Down Calculation 5

Chain rule: Oz
of _ Of Oq
or  Oq O

i

b\
Upstream Local
gradient gradient



Another Example

1

1+ e —(wozg+wyzy+ws)

fw,z) =

w0

wi

w2

®



Graph representation

w0 2.00

fla)y=& s %:em f(z):—i- — %jl;——l/av2
d
f.(2) oz — %za f.(z)=c+zx = %_1




Top-Down Calculation 1

1

o 1 e e—('wo.rg+w1x1+w2)

Another example: f(w,z)

w0 2.00

Upstream Local
gradient  gradient
~ 7 1

(1.00)( 1372

) = —0.53

fla)y=¢e" e % 7 flz) = l - % —1/:1:2
fo(z) = az =2 Z—i—a f(z)=c+= e %_1




Top-Down Calculation 2

1

1 1 e~ (wozo+wizy+ws)

Another example: f(w, )

w0 2.00

Upstream Local

gradient  gradient
A

(—0.53)(1) = —0.53

x0 -1.00

w1 -3.00

100 aay KD 0N | 887 /TN KT |40 098
x1 -2.00 Q N R \+_1/ 053 WX

w2 -3.0(

f(z) =¢€" 3 % =e” flz) = é - % =—1/z°
fo(z) = az - %:a fz)=c+z - %:1




Top-Down Calculation 3

w0 2.00

Upstream Local

gradient  gradient
N

(—-0.53)(e™ ') = —0.20

1.00 @ -1,oofex\ 037 |71
A/ |-0.20 \& 053 N/

i i Toe|| tw-12
fo(z) = az -3 = - f.(z)=c+z



Top-Down Calculation 4

w0 2.00

Upstream Local

gradient  gradient
~ s

(—0.20)(—1) = 0.20

x0 -1.00

w1l -3.00

'i OO *_»] ‘1 OO

0.37 @ 1.37 /ﬁx\ 0.73

x1 -2.00 0.20 -0.20

exp
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Top-Down Calculation 5

lupstream gradient] x [local gradient]

x0 -1.00 .
— 0.2]x [1]= 0.2

w1 -3.00 0.20 0.2] x[1] = 0.2 (both inputs!)

rr ) 100 @ 1 00 V037 () 137 An 07
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w2 -3.00 //
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Top-Down Calculation 6

[upstream gradient] x [local gradient]
w0: [0.2] x [-1] =-0.2
x0:[0.2] x[2]=0.4

0.40

wl -3.00

1.00 @ 2100 /2 N\ 037 /+°1\ 1.37 @ 0.73

x1 -2.00 020 \__J 020 XS5 \ 0 Y 00
w2 -3.00
0.20
T df e 1 df 2
flz)=e — s f(:c)zz - %_—l/m
d
fo(z) = az = é:a f(z)=c+=x e g_l



Today’s Outlines

1. Stochastic Gradient Decent

2. Regularization



SGD

» Gradient estimates can be very noisy (Good and Bad)
* Use larger mini-batches to reduce stochastics

« Computation per update 1s efficient and does not depend
on number of training samples.

— Allows convergence on extremely large datasets



SGD + Momentum

 Momentum is a method that helps accelerate SGD in the
relevant direction and dampens oscillations

Momentum update:

Velocity

gi+1 = V9 ¥+ N VL4

The momentum term vy is usually set to 0.9 or a similar
value. =

Gradient

actual step

Combine gradient at current point with
velocity to get step used to update weights



Comparison

* In these scenarios, SGD oscillates across the slopes of the ravine
while only making hesitant progress along the bottom towards
the local optimum.

= &

Image 2: 5GD without momentum Image 3: 5GD with momentum

The ball accumulates momentum as it rolls downhill,
becoming faster and faster on the way (until it reaches its
terminal velocity if there is air resistance, i.e. y<1).



Adagrad (Adaptive Gradient Descent)

« Adagrad adapts the learning rate to the parameters,

- It performing smaller updates (i.e. low learning rates) for
arameters associated with frequently occurring features, and
arger updates (i.e. high learning rates) for parameters

assoclated with infrequent features .
|4

VG jj+€0W
where G, is a diagonal matrix where each diagonal element is the
sum of the squares of the gradients w.r.t. w; up to time step t.

Wtr1,j = Wt)j



RMSprop

* RMSprop is an unpublished, adaptive learning rate method proposed
by Geoff Hinton in Lecture 6e of his Coursera Class.

* We now simply replace the diagonal matrix G£ with the decaying

average over past squared gradients E ([ P )
J
% oL

- 12 ow;
oL J
E<a_\/\/] )‘FE

Wti1,j = We,j




Examples

model %>% compile (
. L ' "
model %% compile( lDS; . categor}cgl_crassentrepy '
optimizer = optimizer sgd(),
metrics = c("accuracy")
)

loss = "categorical_crossentropy”,

optimizer = optimizer_rmsprop(),

metrics = c["accuracy") histc-ry <— model >% flt{
) X train, y train,

epochs = 20, batch size = 128,

validation split = 0.2
)

model %>3% compile (

loss = "categorical crossentropy", model €}€HCDmpllEF "
optimizer = optimizer adagradh}, lDS? N categar}cgl_crossentrapy !
, B " ] - optimizer = optimizer sgd (momentum=0.9),
) metrics = c("accuracy") metrics = c("accuracy")

)
history <- model %>% fit(

history <- model %>% fit(
X train, y train,

X train, y train,
epochs = 20, batch size = 128, epochs = 20, batch size = 128,

validation split = 0.2 ~ validation split = 0.2
) :



Regularization

* L2 regularization we add a component that will penalize large
weights.

k¢
1
Lt(W) = kt — kt_l 2 Li(xi,yi, W) + 2

i=kt_1+1

2
W
e I

where A is the regularization parameter and Frobenius norm is
denoted by the subscript F.



Regularization

* L1 regularization we add a component that will penalize the sparsity
of weights.

k
L = > LGyw) +
t ke — kg S Y ke —keq L1

i:kt_1+1

where A is the regularization parameter and L1 norm is denoted by the
subscript L1.



Implementation

# Use L1 regularizaition
'H.'H.'H..[r}
model <- keras_madel_sequential{}

=

model %>%

layer dense(units = 256, activation = "relu", input shape = c(784)
,kernel regularizer = regularizer 11 12(11 = 0.01)) %>%
layer dense(units = 128, activation = "relu",
kernel regularizer = regularizer 11 12(11 0.01)) %>%
layer dense(units = 10, activation = "softmax")
# Use L2 regularizaition
S i)
model <- keras_mﬂdel_sequential{}
model %>%
layer dense(units = 256, activation = "relu", input shape = c(784)
,kernel regularizer = regularizer 11 12(12 = 0.01)) %>%
layer dense(units = 128, activation = "relu",
kernel regularizer = regularizer 11 12(12 = 0.01)) %>%

layer dense(units = 10, activation = "softmax")



Dropout regularization

* The probability of keeping each node is set at random. You only
decide of the threshold: a value that will determine if the node is kept
or not.

* For example, if you set the threshold to 0.7, then there is a probability
of 30% that a node will be removed from the network.

1 ——0O—0—0 L0 ® ®
2. SOGAOH0 A 2 O @ \JO—O~ . .
x. SR KR X OH—Y v / C\ XO—+¥
3 OO0 3 L0\ ®
o a0 a0f0 “/ ® ® O

Left: neural network before dropout. Right: neural network after dropout.



Why Dropout works

* Dropout means that the neural network cannot rely on any input
node, since each have a random probability of being removed.
Therefore, the neural network will be reluctant to give high weights to
certain features, because they might disappear.

* Consequently, the weights are spread across all features, making
them smaller. This effectively shrinks the model and regularizes it.



Implementation

SN p)
model <- keras model sequential ()
model %>%

layer dense (units = 256, activation
layer dropout(rate = 0.4) %>%
layer dense (units = 128, activation
layer dropout(rate = 0.3) %>%

layer dense (units = 10, activation

"relu", input shape
"relu") %>%

"softmax")
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